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Abstract
In this paper, we consider the Kirkwood–Salsburg integral equation in real Banach space instead of
complex one, to use the theory of cone preserving operators. We find new values of chemical activity and
density for which we prove that there is no phase transition for classical gases.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
The state in the statistical mechanics we describe by the correlation functions or equivalently
by the Gibbs measures [1]. The phase transitions can occur only for the values of thermodynam-
ical variables as that the correlations functions, pressure, density are not analytic. The main tool
to study the analytic properties of the correlations functions and the pressure in the thermody-
namical limit is the Kirkwood–Salsburg (K–S) integral equation (2.11). We write the Kirkwood–
Salsburg equation in the operator form using the operators (2.3). In the standard approach [4] the
only existing result on the spectrum and the analyticity of the correlation function and pressure
is the estimation of the K–S operator spectral radius by means of its norm in the complex Ba-
nach space. In this paper, we study the Kirkwood–Salsburg equations in the real Banach space.
Therefore we can apply the theory of positive operators (cone preserving operators) [3] in the
case of the positive potentials. We also use the method of the dual pair of Banach space [6]. We
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arbitrary volume. This observation gives us a new information on localization of the spectrum of
the K–S operator and the zeroes of the grand canonical partition function. In Section 3 we find
much larger values of chemical activity z and density ρ, as it is known, such phase transitions
do not occur. We have shown that the pressure and one particle correlation functions are analytic
for z < [(e − 2)C(β)]−1. According to [5] we get that for the density ρ < [(e − 1)C(β)]−1 there
does not exist a phase transition either. It is worth stressing that the obtained region of analytic-
ity is essentially larger than the previously known ρ < [(e + 1)C(β)]−1 [5]. For instance when
C(β) = 1 for pure hard core case then density is a ratio between the total volume occupied by
spheres and the volume of the domain where the spheres are contained thus the phase transition
does not occur for ρ < (e − 1)−1. It means that the phase transition in the classical gases is
possible only for high densities.
2. Positivity of the K–S operators
Let xi ∈ Rν for i = 1, . . . , n, (x)n = (x1, . . . , xn) and ϕ(x)n be measurable real-valued func-
tion on Rnν . Let Bξ (Λ) (ξ > 0) denotes the Banach space of the sequences φ = {ϕ(x)n}∞n=1 with
the norm
‖φ‖ = sup
n
[
ξ−n ess sup
(x)n∈Λn
∣∣ϕ(x)n∣∣], (2.1)
where Λ is a bounded domain in Rν if Λ = Rν we denote the space Bξ (Λ) as Bξ . The Banach
space Bξ (Λ) is the dual of the Banach space B∗ξ (Λ) consisting of all sequences of measurable
real functions ψ = {ψ(x)n}∞n=1 equipped with the norm
‖ψ‖ =
∞∑
n=1
ξn
∫
Λn
∣∣ψ(x)n∣∣d(x)n (2.2)
In the space Bξ let us define the integral operator by the following formula:
(kφ)(x)n =
∞∑
m=1
1
m!
∫
k
(
x1, (y)m
)
ϕ
(
(x)′n, (y)m
)
d(y)m (2.3)
for n > 1 and
(kφ)(x)1 =
∞∑
m=1
1
m!
∫
k
(
x1, (y)m
)
ϕ(y)m d(y)m,
where (x)′n = (x2, . . . , xn), k(x1, (y)m) =
∏m
i=1(e−βV (x1−yj ) − 1).
We assume that potential V is nonnegative and regular, so
C(β) =
∫ ∣∣e−βV (x) − 1∣∣dx < ∞. (2.4)
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where
(Eφ)(x)n =
[
exp−βW (x1, (x)n)]ϕ(x)n (2.5)
and W(x1, (x)n) =∑ni=2 V (x1 − xn) for n > 1 and W(x1, x1) = 0.
We also introduce the projector ΠΛ
(ΠΛϕ)(x)n =
n∏
i=1
χΛ(xi)ϕ(x)n, (2.6)
where χΛ(xi) is characteristic function of the domain Λ. The K–S operator in finite volume we
can write as follows:
KΛ = ΠΛEkΠΛ. (2.7)
We can easy verify that the operator
(k∗ψ)(x)n =
∫
ψ
(
y, (x1, . . . , xn)
)
dy +
n∑
l=1
1
l!
∫
k
(
y, (x)l
)
ψ
(
y, (xl+1, . . . , xn)
)
dy (2.8)
fulfills the following equality:
〈k∗ψ,φ〉 = 〈ψ,kφ〉, (2.9)
where 〈ψ,φ〉 means the canonical pairing
〈ψ,φ〉 =
∞∑
m=1
∫
ψ(y)mϕ(y)m d(y)m. (2.10)
Analogically we can find the conjugate operator in finite volume case.
The correlation function ρΛ fulfills the following K–S equation:
ρΛ − zKΛρΛ = α, (2.11)
where α = (1,0,0, . . .) and
ρΛ(x)n = Q(Λ,z,β)−1
∞∑
m=0
zn+m
m!
∫
Λm
e−βU(x)n+m dxn+1 . . . dxn+m. (2.12)
Q(Λ,z,β) is the grand statistical canonical partition sum
Q(Λ,z,β) =
∞∑
m=0
zm
m!
∫
Λm
e−βU(x)m dx1 . . . dxm, (2.13)
where U(x)m =∑mi<j V (xi − xj ).
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ρΛ = (λ − KΛ)−1α. (2.14)
Definition 1. Let Dξ(Λ) denote the following cone contained in the space Bξ (Λ):
(−1)mϕ(y)m  0 a.e. (2.15)
and D∗ξ (Λ) be the similar cone in B∗ξ (Λ).
The cones Dξ(Λ) and D∗ξ (Λ) are normal and generating.
Proposition 2. Operator −k (2.3) and K–S operator −KΛ (2.7) are positive and μ0-bounded.
Proof. The positivity is easy obtained from inequality for the kernels
(−1)lk(y, (x)l) 0.  (2.16)
Taking μ0 = {(−C(β))−n}∞n=1 we also see that these operators are μ0-bounded.
The conjugate operators are also positive. Let r(T ) be a spectral radius of the operator T . By
Proposition 1 the point −r(KΛ) belongs to spectrum of the operator KΛ and also −r(k) ∈ σ(k),
see [3]. It is clear by the definition of the operators kΛ and KΛ that kΛ KΛ so
r(kΛ) r(KΛ). (2.17)
We can estimate the spectral radius of the K–S operator using inequalities for one vector only:
αμ0 KΛμ0  δμ0. (2.18)
Then we have
α  r(KΛ) δ. (2.19)
More detailed estimation of spectral radius we can find by the study of the conjugate operators
k∗ and K∗ = k∗E. From the positivity of the operator k∗ we have
‖k∗‖ = sup
φ∈D∗ξ
‖k∗φ‖
‖φ‖ . (2.20)
We introduce the additional operator M on the space l1 with the norm
‖x‖ =
∞∑
n=1
ξn|xn| (2.21)
in the following way for j > 1:
(Mx)j =
∞∑ (−C(β))i
i! xi+j−1 (2.22)
i=0
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(Mx)1 =
∞∑
i=1
(−C(β))i
i! xi. (2.23)
Theorem 3. The operators k∗ and M have the same spectral radius.
Proof. The thesis we get from (2.16) and definition of the norm (2.2). 
Operator M also is positive so using the vector μ0 = {(−C(β))−n}∞n=1 we get
C(β)(e − 1) r(M) C(β)e. (2.24)
Remark 4. In the hard core potential case we can observe that
∫
k
(
x1, (y)m
)
e−βU(y)m d(y)m = 0 (2.25)
for m > 2 in one-dimensional case, m > 6 in two dimension, etc. Therefore in (2.19) we can take
instead of e the m first expressions of expansion of e.
3. The spectrum of the K–S operator on the positive axis
As we pointed out in the introduction, from physical point of view only the spectrum of K–S
operator on the positive axis is interesting. In this section we find the region where the grand
canonical partition function has no zeroes. We will consider the potentials V with the hard core
(V (x) = ∞ for |x| < R) only. In this case we define the spaces Bξ (Λ) and B∗ξ (Λ) as the spaces of
finite sequences ψ = {ψ(x)n}Nn=1, where N is the maximal number of the spheres of the radius
R containing in the domain Λ. It is important that such space Bξ (Λ) contains the correlation
functions ρΛ because e−βU(x)N+1 = 0 for x ∈ Λ [2].
Let B2ξ (Λ) denotes the Hilbert space of the finite sequences ψ = {ψ(x)n}Nn=1 with the scalar
product
〈ψ,φ〉 =
N∑
n=1
∫
Λm
ψ(y)nϕ(y)n d(y)n (3.1)
and M is the matrix operator defined analogically as in (2.22), (2.23), and acting on B2ξ (Λ) by
(Mψ)(x)j =
N−j+1∑
n=0
(−C(β))n
n! ψ(x)n+j−1. (3.2)
We show the following theorem.
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sup
λ∈σ(KΛ)
Reλmax
{
sup
λ∈σ(M)
Reλ,0
}
. (3.3)
Proof. Let us consider operator NΛ = 12 (KΛ + K∗Λ) on B2ξ (Λ). Since the space Bξ (Λ) is in-
cluded in B2ξ (Λ), the spectrum of this operator contains the set Reσ(KΛ). NΛ is bounded in
B2ξ (Λ). So for λ0 > r(NΛ) we have
(λ0I − NΛ)−1 = 1
λ0
∞∑
n=0
NnΛ
λn0
= (λ0I + NΛ)
∞∑
n=0
N2nΛ
λ2n0
, (3.4)
thus
[
dist
(
λ0, σ (NΛ)
)]−1 = (λ0 + supσ(NΛ))r
( ∞∑
n=0
N2nΛ
λ2n0
)
. (3.5)
So
supσ(NΛ) = λ20 − r
( ∞∑
n=0
N2nΛ
λ2n0
)−1
. (3.6)
Operator
∑∞
n=0 N2nΛ /λ2n0 is positive with respect to the cone D2ξ (Λ) defined analogically as in
(2.15). Taking into account positivity of the operators E and ΠΛ we obtain
∞∑
n=0
N2nΛ
λ2n0

∞∑
n=0
( 12 (kΛ + k∗Λ))2n
λ2n0

∞∑
n=0
( 12 (M + M∗))2n
λ2n0
, (3.7)
therefore
r
( ∞∑
n=0
N2nΛ
λ2n0
)
 r
( ∞∑
n=0
( 12 (kΛ + k∗Λ))2n
λ2n0
)
 r
( ∞∑
n=0
( 12 (M + M∗))2n
λ2n0
)
. (3.8)
Taking in Eq. (3.6) instead of the operator NΛ, operators 12 (kΛ +k∗Λ) and 12 (M+M∗), moreover,
assuming that supσ(NΛ) > 0, we conclude that
supσ(NΛ) supσ
(
1
2
(
kΛ + k∗Λ
))
 supσ
(
1
2
(
M + M∗))= sup
λ∈σ(M)
Reλ (3.9)
what finishes the proof. 
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max(supλ∈σ(M) Reλ,0)}. It is clear by the (2.12) and (2.14) that the zeroes of the grand canonical
partition function Q(Λ,z,β) are contained in the set z = λ−1, where λ belongs to the spectrum
of the K–S operator in finite volume. The pressure is the following limit:
p(z)β = lim
Λ→∞V (Λ)
−1 lnQ(Λ,z,β), (3.10)
where V (Λ) is the volume of the domain Λ. We have the following inequality:
∣∣Q(Λ,z,β)V (Λ)−1 ∣∣Q(Λ, |z|, β)V (Λ)−1  e|z| (3.11)
and it is known that for a small z the limit (3.10) exists. Thus also exists the limit limΛ→∞
Q(Λ,z,β)V (Λ)
−1
so by Vitali theorem the last limit exists for all complex z and is ana-
lytic function. The functions Q(Λ,z,β)V (Λ)−1 have not zeroes on the set {z: 0 < |z| <
[supλ∈σ(M) Reλ]−1} so by Hurwitz theorem we get that the pressure and one particle correla-
tion function ρ (ρ = zβ dp(z)
dz
) are analytic on the set {z: 0 < |z| < [supλ∈σ(M) Reλ]−1}.
To estimate value of supλ∈σ(M) Reλ we consider the positive operator M + C(β)I . Using
vector μ0 = {(−C(β))−n}Nn=1 we get
sup
λ∈σ(M)
Reλ r
(
M + C(β)I)− C(β)C(β)(e − 2). (3.12)
Therefore for
z <
[
(e − 2)C(β)]−1 (3.13)
there is no the phase transition. We know [5] that when there is no phase transition for the
chemical activity z then for densities ρ such that
ρ  z
1 + zC(β) (3.14)
also the phase transition does not occur. From (3.13) we get that for
ρ  1
(e − 1)C(β) (3.15)
also there is no the phase transition. When C(β) = 1 for pure hard core case then density is a
ratio between the total volume occupied by spheres and the volume of the domain, where the
spheres are contained. Thus the phase transition does not occur for ρ < (e − 1)−1.
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